Introduction
Let F be a non-degenerate indefinite quadratic form on R" (n ~ 3). A. Oppenheim conjectured and G. A. Margulis proved [M] that if F is not a multiple of a rational form, then F(Z") is not discrete around the origin. In this paper, we are concerned with a generalization of this result in a S-arithmetic setting.
In the sequel, k is a number field and o the ring of integers of k. For every normalized absolute value 1. 1,, on k, let k, be the completion of k at v. Let S be a finite set of places of k containing the set Soo of archimedean ones, ks the direct sum of the fields ks (s E S) and os the ring of S-integers of k (i.e. of elements x ~ k such that |x|v ~ 1 for all v e S).
Let F be a quadratic form on k". Equivalently, F can be viewed as a collection F., (s E S), where F., is a quadratic form on ki. The form is non-degenerate if and only if each F, is non-degenerate. We shall say that F is isotropic if each FS is so, i.e. if there exists for each s E S an element xs E ks -{0} such that Fs(xs) = 0. If s is a real place, this condition is equivalent to F, being indefinite (since it is nondegenerate). The form F will be said to be rational (over k) if it is a multiple of a form on kn, i.e. if there exists a form Fo on k n and 03BB invertible in ks such that F = À . F 0' and irrational otherwise.
Endowed with the product topology, ks is, with respect to the addition, a locally compact group and os is a discrete cocompact subgroup. Similarly, os is a cocompact lattice in k'S. If F is rational, then F(os) is discrete in ks, since we can write F = 03BB. F 0 (03BB E k*S) and may even assume that F 0 has coefficients in o, whence F(on c 03BBoS. As a generalization of the Oppenheim conjecture we shall prove that if F is irrational, isotropic non-degenerate and n ? 3, then F(os) is nondiscrete around the origin of ks. In fact, we shall establish a somewhat stronger statement:
THEOREM A. Let F be as above. Assume F to be non-degenerate, isotropic and *Supported by the NSF at the Institute for Advanced Study, Princeton, during 1987-88. n ~ 3. Then the following conditions are equivalent:
We just remarked that (ii) ~ (i) and it is obvious that (iii) ~ (ii). So the interest lies in the implications (i) =&#x3E; (ii) ~ (iii). If k = Q and S = S~, then (ii) and (iii) are identical and (i) ~ (ii) is the Oppenheim conjecture. Thus our (i) ~ (ii) is a direct generalization of it, while (i) ~ (iii) is a natural strengthening, which should of course be true if, as is expected, F(o") is dense in k (see Section 6).
To prove Theorem A we shall first handle two main special cases:
(I) The implication (i) ~ (ii) when S = S~. The argument there is patterned after that of Margulis.' (II) The implication (i) =&#x3E; (iii) when at least one of the F, is multiple of a krational form. The proof uses strong approximation in algebraic groups, some elementary geometry of numbers and is quite different from that of (I).
The implication (i) ~ (iii) in the general case then follows easily from (I) and (II).
Margulis deduced the Oppenheim conjecture from a theorem about closures of orbits of SO(2, 1) in SL3(R)/SL3(Z). It is easily seen that conversely the Oppenheim conjecture implies such an orbit theorem. There is a similar equivalence in the general case (Section 1). In (I), we follow Margulis by proving first an orbit theorem but, in (II), we proceed directly to the Oppenheim conjecture, so that Theorem A yields an assertion about closures of orbits in the S-arithmetic case.
The paper is organized as follows: Section 1 contains some preliminary results, in particular a reduction of the proof of Theorem A to the case n = 3 and a discussion of the relation, for n = 3, between Theorem A and assertions about closures of orbits in spaces of lattices. As a preparation to (I), we give in Section 2 more algebraic geometric proofs of some lemmas of [M] on actions of unipotent groups, so that the consequences drawn in [M] for SL3(R) are also valid for SL3(C). We then treat (I) in Section 3, (II) in Section 4, and the general case in Section 5. In section 6, we add some remarks and questions about a still open problem, namely whether F(on) is dense when F is irrational.
The generalization from the original case to that of a number field (with S = S~), was proposed first in [RR] , where some partial results are obtained. We have added finite places following a suggestion of G. Faltings. We thank G. A.
Margulis for a simplification in the proof of 1 which arose in a discussion with one of us (G. P.) .
The main results of this paper have been announced, with sketches of some proofs, in [BP] .
Preliminaries
In this section, we show that it suffices to establish Theorem A for n = 3 and then prove that it is equivalent to some statements about closures of orbits in SL3(ks)/SL3(os). We first fix some notation and conventions: 1.1. PROPOSITION. Let G be a semi-simple algebraic group defined over Q and r c G(Q) an arithmetic subgroup. Let E be a subgroup of G(R) generated by unipotent elements and assume that E. F = Rr, where R is a closed connected subgroup of G(R) such that R n r has finite covolume in R. Then R = E(R) ', where E is the smallest Q-subgroup of G whose group of real points contains E.
Proof. We note first that E is connected in the Zariski topology and, more precisely, that E c E (R)°. Indeed, if UEE then some power u'" of u belongs to E(R)'. If u is unipotent and ~1, then the whole one-parameter unipotent subgroup exp(t log um) (t e R), in particular u itself, belongs to Ê(R)".
Next we claim that the Levi subgroups of E are semi-simple. Let C be the quotient /Ru of E by its unipotent radical. The image of E in C is generated by unipotent elements, hence belongs to the derived group -9C of C. The inverse image of DC in E is defined over Q and its group of real points contains E, so it coincides with E. It follows that E has no non-trivial rational character defined over Q, which, as is known, implies that E(R)° . r is closed [A] , hence also that R c Ê(R)'. On the other hand, by [D: §4] , the Zariski-closure (R n F) of R n F contains all unipotent elements of R, hence E and therefore E. But the inclusion R c Ê(R)" shows that E contains the smallest Q-subgroup R containing R, hence also A(R n F). As a result and R is contained and Zariski-dense in E. Being connected, in the ordinary topology, it must be normal in Ê(R)". Its image in C(R)° is normal, connected, hence closed (C is semi-simple) and Zariski-dense. Therefore the image of R is the whole of C(R)°. It also follows that the image in C of a maximal connected semi-simple subgroup M of R is equal to C(R)°, whence R = M.(Ru ~ R). The group M being semi-simple, linear, is of finite index in the group of real points of an algebraic R-group. The group Ru n R is connected, unipotent, hence also algebraic. As a consequence, R itself is of finite index in the group of real points of an algebraic group [B: §7] . Since R is Zariski-dense in E, the proposition is proved. We now prove that (c) ~ (a). Let F E F and assume it is not rational. Then it can be zero on only finitely many rational lines (1.7). Let C be their union. Assume (ii) is not true for some 8 &#x3E; 0. There exists a neighborhood U of the origin in ks such that |Fs(us)| ~ e/2 for all s E S and u = (us) E U. Then (*) of (c) is fulfilled for this choice of U, C and z = os. By (c), HF. os is compact, and then HF = M(ks) for some k-subgroup of SL3 (1.2), which is equivalent to saying that F is rational. 
Proof. There exists a finite dimensional vector space E defined over K with a line C and a rational representation (1: G ~ GL(E) defined over K such that U is the subgroup of G leaving fixed any point of C. Fix c0 ~ C. We have then G. c0 ~ G/ U and since U is unipotent, also G(K). c0 ~ G(K)/U(K). Let F be the fixed point set of U in E. It contains C and it is elementary that Let now (mi) (i = 1, 2, ... ) be a sequence of elements in M tending to the identity and let ci = ml . c0. Then ci E E(K) -F(K) and ci ~ c,,. We may apply 2.1 to get a non-constant K-morphism of varieties qJ: U -+ F such that qJ(l) = co and cp(U(K)) is contained in the intersection of F(K) with the closure of U i03C3(U(K)). ci, hence, a fortiori, in The orbit G. c,, is Zariski-open in its closure, which contains C. Therefore U contains a Zariski K-open subset V such that qJ(V(K)) belongs to C n G.c0.
Since U is unipotent, there exists a section s : G/U -G, defined over K, of the fibration of G by U. Then 03C8 = SoqJ is a non-trivial K-morphism U -G mapping 1 onto 1, whose image meets any left coset of U in at most one point. The set 03C8(V(K)) is contained in the inverse image of C, which is obviously equal to .%G(U)(K) n U(K). M. U(K). This proves our first assertion.
The second assertion now follows from 2.2, applied to the case where {Vi} consists of U and K 2.4. NOTATION. We recall and adapt to our framework some notation of [M] . The field K being understood, we let G = SL3(K),
(s E K, t ~ K*), V, (resp. v2, resp. D) the group generated by the vl(s) (resp. v2(s), resp. d(t)), V = Yl . V2 and if K = R, Thus our notation deviates from [M] only in that our DO is D there. If K = C,
As pointed out in [M] , it is easily checked that Proof. For K = R, this is Lemma 7 in [M] . Our proof is basically the same and we only point out the modification allowing us to include the case K = C.
There is no change in the argument of p. 394 in [M] until the last five lines. There, instead of Lemma 13(i), we invoke 2.1 above and conclude that there is a non-constant K-morphism of varieties of V, into n2 whose image contains the origin. If K = C, it is then surjective. If K = R, its image contains at least one of the half-lines n+2, n-2. Then the relation on the last line of p. 394 in [M] [M] and our 2.1 one for Lemma 13(i) of [M] . The formulation of the latter was suggested to one of us by P. Deligne. We have already pointed out that 2.6 generalizes Lemma 7 of [M] . Over R, Proposition 2.5 is a weaker version of Lemma 8(ii) of [M] , weaker in the sense that we assume M c G -%G(V1) rather than in G-Vl. But thanks to 1.1 and 3.1, we shall not need this stronger statement in the proof of 3.4. Finally, 2.7 is just a more general formulation of the argument in Lemma 12 of [M] .
The implications (i) ~ (ii) in the archimedean case
From 3.4 on, it is assumed in this section that S = S 00 . For k = Q, this is Lemma A of [M] . The Proof. Let g E G be such that g. n3 = z. After having replaced F by 'g. F. g and U, C by g-1. U, g-1. C, we are reduced to the case where z = n3. Of course, 0 3 n k . x (x E ks) is ~ {0} if and only if x E k". We may assume that C consists of finitely many rational lines.
In HF. we choose a unipotent one-dimensional subgroup 6s which does not fix any line in C and let Q be the product of the Qs.
We claim there exists a neighborhood U' of the origin in ks such that for every non-zero Let x ~ C n o3 -{0}. For every s, x., :0 0 and, by our choice of Q, the element xs is not fixed under Qs. Therefore q H q. xs is injective. Since Qs is unipotent, Qs. x, is closed in ks and does not contain the origin, hence Q. x does not meet some polydisc Ud = {u = (us) Ilusls d}. But then the same is true for all elements 03BB.x (Â e o -{0}). Indeed, we have and at least one of |03BBs| is ~ 1, since 03BB ~ n, 03BB ~ 0.
As we remarked in 1.8, if L is a rational line, then L n v' is a finitely generated module. There exists therefore a finite subset E of C n n3 -{0} such that C n n3 = o. E. The claim (2) [DM] . The truth of the Raghunathan conjecture [Rt] [Rt] yields the implication (i) ~ (v), in fact a much stronger statement (see 7.9), in the archimedean case. We shall use a special case of the following theorem: 7.1. THEOREM (M. Ratner [Rt] ). Let % be a connected semisimple Q-group, r c G(Q) an arithmetic subgroup and Q = G(R)/0393. Let H be a closed connected subgroup of G(R) generated by unipotent elements and z E Q. Then there exists a closed connected subgroup L of e(R) such that H.z = L.z and L/(L n Gz), where ez is the isotropy group of z in G(R), has finite volume. This is in turn a special case of Corollary B in [Rt] , but it will suffice for our needs. From this result and 1.1 we derive first: This is a simple property of the restriction of scalars, for which we have unfortunately no ready reference. A proof will be given at the end of this section (7.12 It is clear that a subset (y 1, ym) (m ~ n) of kR is free (over kR) if and only for each s, the s-components yl,s, ... , Ym,s are linearly independent over ks. In particular, any free subset is part of a basis. The n-tuple (yl, ... , y") is a basis if and only if there exists g E GLn(kR) such that g. ei = yi (i = 1,..., n). We shall say that the basis (yi) is unimodular if such a g can be chosen in SLII(kR). If m n, any free m-tuple is part of a unimodular basis.
In the next corollaries, we let BF be the bilinear symmetric form associated to F. We have then
